Entanglement appears to be a fundamental building block of quantum gravity leading to new principles underlying the nature of quantum space-time. One such principle is the ER-EPR duality. While supported by our present intuition, a proof is far from obvious. In this article I present a first step towards such a proof, originating in what is known to algebraic topologists as the MayerVietoris theorem. The main result of this work is the re-interpretation of the various morphisms arising when the Mayer-Vietoris theorem is used to assemble a torus-like topology from more basic subspaces on the torus in terms of quantum information theory resulting in a quantum entangler gate (Hadamard and c-NOT).
INTRODUCTION
The origin of entanglement lies within basic quantum mechanics [1] . However, there is no doubt today that there is a connection between quantum entanglement and the emergence of space-time [2] , [3] . At a very intuitive level the statement behind the newly discovered ER-EPR duality [4] is very appealing. The connection between space-time topology and entanglement however remains an unproved conjecture. The ideas behind it have already been mentioned in [5] , [6] , [10] and several conclusions have been extracted in [7] , [8] . The new formulation of the ER-EPR duality basically reminds us that the statistical correlation between space-like separated regions associated to generic quantum field theories may have a topological interpretation as well. However, the algebraic topological implications of the ER-EPR statement have only marginally been explored [9] , [11] . In this article I will connect quantum entanglement to space-times with non-trivial topology by means of the Mayer-Vietoris sequence [12] . The main tool used will be quantum field theory. This is not the most natural tool for describing quantum information problems. However, standard quantum information problems are usually not analyzed in curved or topologically non-trivial space-time. Focusing exclusively on a basic quantum mechanical approach as is done in standard quantum information theory may prove to be unsustainable when space-time horizons and non-trivial space-time topologies arise. Therefore a brief introduction in the algebraic properties of generic quantum field theories will be presented. On the quantum information side, the standard definition of a qubit will have to be extended in order to be meaningful in quantum field theory. The approximate way in which such a quantum information entity may have sense in the context of quantum field theory will be briefly described. The other important component of this paper, namely entanglement, must also be introduced in the proper context of quantum field theories. This has been done before by means of entanglement entropy. This concept had an important impact on various branches of physics. For example some phases of matter need to be characterized by their pattern of entanglement rather than the conventional order parameters [20] , [21] . Quantum entanglement has already been used to characterize various properties of quantum field theory. For example some questions related to the nature of the renormalization (semi)-group have been answered in this way in [22] . The association of entanglement entropy to the geometric structure of the bulk space in the AdS/CFT duality has been the subject of research like [23] . The generalization of these ideas has led to the calculation of the entanglement entropy of a conformal field theory for a subsystem with an arbitrary boundary [24] . The next generalization, involving global aspects of the bulk space has been discussed in [25] where the area encoding the entanglement entropy which entered the bulk space was considered to encircle a non-trivial cycle of the bulk topological space (e.g. a great circle of a torus). In this article the topological properties of the space will play a fundamental role as well, although the entanglement will be described by quantum field theoretical generalizations of measures like the Bell inequalities. In this work I will focus mainly on bipartite entanglement leaving the multipartite case for a future research.
The structure of this article is as follows. In the second chapter I will introduce the basics of relativistic algebraic quantum field theory in flat and curved space-time, focusing on the definition of entanglement and qubits in this context. An intuitive justification for the use of (co)homology groups for the classification of curved space-time quantum field theoretical qubits will also be given. In the third chapter I will provide a link between the various sets of observables, the topology of space-time and the presence of entanglement. I will also provide details about the geometry of an ER-bridge in terms of Kruskal coordinates as well as the main geometrical and topological context of this article. In the fourth chapter a pedagogical overview of Mayer-Vietoris theorem and the way of thinking implied by it will be presented. In the fifth chapter I present the main results of this article in the form of two theorems and a corollary. In the sixth chapter I will connect the new insights offered by the Mayer-Vietoris theorem to the concept of quantum enarXiv:1703.09610v1 [physics.gen-ph] 22 Mar 2017 tanglement for flat, topologically trivial space-time and for a space-time connected via an ER-bridge. I also show how entanglement is a natural result of the application of the Mayer-Vietoris theorem. By means of basic quantum information techniques it will be seen that the maps involved in the Mayer-Vietoris theorem are analogous to the entangler gate (Hadamard followed by c-NOT). Reversely, I will show that disconnected patches of spacetime with entanglement between them can be reformulated as regions connected by means of ER bridges when certain non-trivial coefficient systems in (co)homology are being used. In the seventh chapter, I present a generalization by means of the Reeh-Schlieder theorem. I connect the maps arising in the Mayer-Vietoris sequence to the state-operator correspondence in generic quantum field theory and briefly show how this would particularize for conformal field theories by means of homologies with twisted coefficients. Finally, I will provide some conclusions as well as new directions of research.
RELATIVISTIC ALGEBRAIC QUANTUM FIELD THEORY
In order for this article to be self-contained, a discussion about the meaning of entanglement in quantum field theory is required. Indeed, like in basic quantum mechanics, a relatively good indicator for entanglement is the violation of Bell's inequalities. This must however be formulated in the context of generic quantum field theories. Two mathematically rigorous formulations exist: one based on quantum fields satisfying the Wightman axioms and the other one based on local algebras satisfying the Haag-Kastler-Araki axioms. Both allow consistent descriptions of entanglement.
In the local algebraic description of quantum field theory, Bell's inequalities concern results of correlation experiments involving measurements on two subsystems. Such experiments can be characterized according to [13] by the so-called correlation dualities. These represent a set of three objects, (p, A, B). A and B being real vector spaces with a specific vector ordering defined on them and having a well defined identity id = 1.p is a bilinear functionp : A × B → R. The observables of one such subsystem are represented by partitions of the identity in the respective subsystem i.e. {a i |i ∈ I}, i a i = 1, a i ≥ 0, ∀i ∈ I. Every i ∈ I is interpreted as a possible outcome of the measurement of an observable a i . The probability of the joint occurrence of two outcomes i ∈ I and j ∈ J in the respective two subsystems will then be by definitionp(a i , b j ). Using this definition the Bell correlation is defined as
the supremum being taken over all x i ∈ A and y i ∈ B.
The expression for the Bell equality is then β(p, A, B) = 1 which we expect to be violated. When the vector spaces A and B modeling the observables of the considered subsystems are in fact C * algebras (like in quantum mechanics) the Bell correlation satisfies the inequality β(p, A, B) ≤ √ 2. When dealing with relativistic quantum field theory the basic structure is an assignment to each open region O ∈ R 4 of a C * -algebra A(O) of norm-closed bounded operators on some Hilbert space. This assignment must satisfy certain axioms originating in physics.
First if there are two regions O 1 ⊆ O 2 then the associated algebras also satisfy A(O 1 ) ⊆ A(O 2 ). Therefore, each A(O) is a subalgebra of the C * -algebra A generated by
Second, in order to define the flat relativistic spacetime, Poincare covariance must be obeyed. Therefore, for flat space-times there must exist a representation {α λ |λ ∈ P † + } of the identity connected component P † + of the Poincare group by a group of automorphisms on
where O λ is the image of O under the transformation corresponding to λ.
Third, if O 1 is spacelike separated from O 2 then every element of the algebra A(O 1 ) commutes with every element of the algebra A(O 2 ). This assures the existence of a notion of locality. It is important to make a clear distinction between what I call locality in this article, namely the property that observables in spacelike separated regions commute, and another, weaker definition of locality used sometimes in quantum information theory, focusing mostly on the quantum fields or their simpler analogues, the wavefunctions. Indeed, apparent non-local effects resulting from wavefunction superpositions or quantum field correlations are not truly non-local according to the definition of this article.
Finally, there exists a physical, faithful i.e. one-to-one representation π of A on a separable Hilbert space H such that on H there is a nontrivial strongly continuous unitary representation U (P † + ) of the universal cov-ering group of the Poincare group P † + satisfying first, U (λ)π(A)U (λ) −1 = π(α λ (A)) for each A ∈ A, λ ∈ P † + , and second, the generators {P µ } 3 µ=0 of the translation subgroup satisfy the condition P 2 0 − P 2 1 − P 2 2 − P 2 3 ≥ 0 and P 0 ≥ 0 where P 0 is the generator of time translations. Self adjoint elements A ∈ A(O) of the local algebras are interpreted as observables which are measurable in the corresponding space-time region O ⊂ R 4 . A positive, normalized linear functional φ on the C * -algebra A is supposed to correspond to a physical state of the system whose local observables are represented by the net {A(O)}. For such a state φ and an observable A ∈ A(O), φ(A) is considered to be the expected value of the observable A of the statistical system that has been prepared in the state φ.
If A and B are commuting C * -algebras and φ is a state on a C * -algebra C containing both A and B then (φ, A, B) determines a correlation dualityp(A, B) = φ(AB) for each A ∈ A and B ∈ B. Therefore if φ is a state on an algebra A generated by a net of local algebras {A(O)} and if O 1 and O 2 are any two spacelike separated regions in space-time then (φ, A(O 1 ), A(O 2 )) is a correlation duality.
In the alternative formulation based on the Wightman axioms we employ so called quantum fields i.e. operator valued distributions φ on space-time which act on the physical state space. These fields are then integrated with test functions f having support in a given region
. The resulting objects form under the operations of addition, multiplication and hermitian conjugation a polynomial *-algebra P(O) of unbounded operators.
Both approaches however assume Poincare invariance and therefore must be replaced with local Lorentz invariant formulations when space-time is curved. Moreover, if we want to connect quantum field theory to quantum information theory, we need a sufficiently accurate description of a qubit. Given a Hilbert space, a qubit can be physically realized as any two dimensional subspace of that Hilbert space. Such realizations however will often not be localized in space. We can restrict ourselves to approximately well localized realizations and represent the qubit as a two dimensional quantum state attached to a single point in space. If we want to ensure relativistic invariance we notice that there are no finite dimensional faithful unitary representations of the Lorentz group. For flat space-time we can go to the Wigner representations. These provide us with unitary and faithful but still infinite dimensional representations of the Lorentz group. These representations strongly rely on the symmetries of Minkowski space and in particular on the inhomogeneous Poincare group. The basis states are taken to be eigenstates of the four-momentum operator such thatP µ |p, σ = p µ |p, σ where σ refers to some discrete degree of freedom i.e. a spin or a polarization. To obtain a physical two-dimensional quantum state we may restrict ourselves to a specific momentum eigenstate |p, σ of fixed p. The remaining degrees of freedom will then be discrete. However, when we go from flat to curved space-time we loose the translational symmetry and therefore the momentum eigenstates |p, σ . We still have local Lorentz invariance. A qubit must still be understood as a two-level quantum system with the property of being spatially well localized. The history of such a localized quantum system is a sequence of two dimensional quantum states |ψ(λ) each associated to a point x µ (λ) on the worldline parametrized by λ. Each quantum state in this sequence |ψ(λ) must be thought as belonging to a distinct Hilbert space H x(λ) attached to each point x µ (λ) of the trajectory. The parallel transport is then a sequence of infinitesimal Lorentz transformations acting on the quantum state and this sequence is in general path dependent. Therefore, in general it is not possible to compare quantum states associated with distinct points in space-time. As a consequence it is not meaningful to say that two quantum states associated to distinct points in space-time are the same. We may however use quantum teleportation and entangled states to define what means "the same" in the context of curved space-time. Therefore the whole sequence of quantum states attached to points along a worldline describing the history of |ψ(λ) will be called a quantum field theoretical qubit. One can of course take a localized qubit in a superposed state and split it up into a spatial superposition transported simultaneously along two or more distinct worldlines and make it recombine at some future space-time region to produce quantum interference phenomena [38] . Such spatial superpositions will still be considered to be localized if the components of the superposition (the two elements of the expectation catalogue) are each well localized around space-time trajectories [39] , [40] , [41] . Moreover, any qubit can be written as a superposition of states by means of the Hadamard matrix. Therefore any qubit can be written in terms of topological cycles. The classification of such cycles is then naturally based on a (co)homology theory.
Taking into account the topology of the space, various qubits can be classified according to the possible deformations such worldline cycles may support. For a simply connected space the situation is straightforward. Any such cycle can be continuously deformed to a single worldline without leaving the space. For a p-connected space-time with p ≥ 2 there exist certain classes of worldlines cycles that cannot be continuously mapped into simple worldlines i.e. cannot be rotated back by simple one-qubit Hadamard matrices. Such classes depend on the connectivity of the space and are precisely defined by (co)homology groups. A cycle can also be constructed by taking the tensor product of two qubits. In particular two-qubit states may correspond to two worldline segments which may be connected in various ways. If the two worldlines combined belong to a non-trivial (co)homology group then there exists an obstruction in expressing them independently on the given space-time topology and therefore they may not be considered as separable. At this point the connection between spacetime topology and superposed quantum states starts being clear. The rest of this article will go further and connect entanglement to topology by a similar way of thinking.
RELATIVITY OF ENTANGLEMENT
It is not new [14] , [15] that the partition of a quantum system into subsystems is dictated by the set of operationally accessible measurements. Given a Hilbert space H it is possible to either look at it as a bipartite space i.e. H 1 ⊗ H 2 or as an irreducible space H. If the space can be seen as a bipartite space then a tensor product structure exists and this may support entangled states i.e. states that cannot be represented as a direct product of separate states on each of the partitions of the Hilbert space. But what induces the partitioning of a given Hilbert space? It has been argued by [16] that this partitioning is due to the experimentally accessible observables. Therefore an entangled state is only defined as such when the particular experimental setup capable of detecting the associated properties is specified.
However, I reiterated in [17] that observables and quantum states, when described in terms of (co)homology groups (see for example [31] , [32] , [33] but also the discussion of the previous chapter), are dependent on the coefficient groups used. Indeed, given certain choices of coefficients in (co)homology, observables can merge together becoming undistinguishable.
Another important aspect is that the use of certain coefficient groups may mask the topological properties of an underlying space. Therefore, topology can be perceived by quantum states and observables only with an accuracy given by the particular coefficient groups in (co)homology. In order to be more specific, take the torus T 2 . Its integral cohomology in dimension 1 is H 1 (T 2 ; Z) = Z ⊕ Z and the 0-dimensional and 2-dimensional homology groups are each isomorphic to Z. However, the first cohomology group H 1 (T 2 ; G) with coefficients in a group G is isomorphic to the group of homomorphisms from Z ⊕ Z to the group G. This group Hom(Z ⊕ Z, G) is trivial if G is a torsion group. If not, it is a direct sum of copies of G⊕G. Hence the torsion of the coefficient group in cohomology determines the visibility of a torus as such. The supplemental information accessible with one coefficient group remains only encoded in the extension Ext that appears in universal coefficient theorems used when changing the coefficient groups.
Therefore, from the perspective of (co)homology with coefficients and implicitly of quantum states or quantum observables, there exists a duality between toruses and spheres, the relation between the two shapes being given by a particular choice of coefficients.
It is therefore pertinent to ask what will happen with the entanglement when coefficient groups in cohomology are being chosen such that the space appears to be a torus i.e. when an ER bridge emerges.
At this point it is important to understand what an ER bridge is and how it can be described from a topological point of view. For this I will briefly follow the classical paper by Kruskal [19] and review the concept of maximal extension of the Schwarzschild metric. If we start from the well-known Schwarzschild expression for the metric around a center of mass m(g) and use the notation m * = Gm/c 2 we have
with
With these we observe two types of singularities at r = 0 and r = 2m * . While the singularity at r = 0 is real, the singularity at r = 2m * is not. This can be shown by introducing the so called Kruskal coordinates which have the property of being well defined in all regions except the physical singularity. To find this set of coordinates one may seek a spherically symmetric coordinate system in which radial light rays everywhere have the same slope
By identifying the two metrics defined above and requiring f to depend on r alone and to remain finite and nonzero for u = v = 0 one finds a set of unique equations of transformation between the exterior of the "spherical singularity" r > 2m * and the quadrant u > |v| in the plane of the new variables [19] 
The new coordinates give an analytic extension E of that limited region of space-time L which is described without singularity by Schwarzschild coordinates with r > 2m * . The metric in the extended region joins smoothly to the metric at the boundary of L at r = 2m * . The extended space E is the maximum singularity free extension of L that is possible. Every geodesic followed in whichever direction either runs into the barrier of intrinsic singularities at r = 0 (v 2 − u 2 = 1) or is continuable infinitely with respect to its natural length. The maximal extension E has a non-euclidean topology and particularly is one of the topologies considered by Einstein and Rosen (the ER topology).
Consider therefore a space-time and let it contain a compact region Ω with non-trivial topology (i.e. the topology of an n-torus, a Klein bottle, etc.). As a simplification, the asymptotic regions may be compactified such that the whole picture appears to be isomorphic to a torus. I will consider the compactified and noncompactified objects similarly and I will not start any speculations about the topology of the outer regions (i.e. the large scale topology of the universe) here. For all practical purposes of this article, the ER-bridge will look like Ω ∼ = R × Σ where Σ is a 3-manifold with non-trivial topology (i.e. torus, Klein bottle, etc.). When looking at the hypersurfaces Σ we have to see them as spacelike in this context. As a slight simplification I will discuss the case of a two-dimensional torus embedded in a three dimensional space in this article. This doesn't affect the generality of the discussion. Going to higher dimensions and to spaces with higher genera will be the subject of a future article where multipartite entanglement will be the main focus. Here, the main subject will be recovering bipartite entanglement from topological considerations alone and therefore the torus T 2 is sufficient.
I shall call an ER-bridge as being topologically a torus. The important feature that leads me to this name is that the space-time in this case contains a worldtube (the time evolution of a closed surface) that cannot be continuously deformed into a world line (the time evolution of a point). This is the homotopical definition of a torus. This deformation can however be done on a sphere, and it generates the homotopical definition of a sphere which is equivalent to that of a plane i.e. on both, any closed curve can be homotopically deformed into a point. This is the context in which I will use the terms "torus" and "sphere" in this article.
I showed in the previous chapter that the quantum field theoretical analogue of qubits in curved space-times are to be associated to worldlines. When the qubit is in a superposed state such a worldline can be seen as a cycle. Let me therefore call |Ψ a qubit associated to the geodesic relating the exterior of the black hole to its interior, which avoids the intrinsic singularity and is continuable indefinitely with respect to its natural length. This would be a qubit state in the context of an ER bridge. It doesn't take too much effort to notice that such a worldline (qubit) is not continuously deformable into a worldline which never enters the horizon in the first place. Also, a superposed qubit which splits between the interior and the exterior of the ER-bridge forms a cycle which cannot be reduced to a point i.e. a cycle which is not a boundary. Also, connecting two non-superposed worldlines we may obtain a worldline around a large cycle of the above defined torus. Such a cycle will also belong to a non-trivial (co)homology. The worldline segments remaining only inside the wormhole or only outside will form elements in a trivial (co)homology. Therefore, qubits, seen as worldlines are classified in terms of (co)homology groups and pairs of qubits may belong to non-trivial (co)homology groups. With this, the connection between quantum information, qubits and homological algebra is established.
THE MAYER-VIETORIS SEQUENCE
One main result connecting algebraic topology and homological algebra is the so called Mayer-Vietoris sequence.
Its main underlying idea is that the (co)homology of a given space may be obtained via the (co)homology of some subspaces defined on that space together with the intersection of those subspaces. Otherwise stated, the following sequence is exact
Here H n+1 (X) is the homology of the original space X, A and B are the subspaces of X chosen to describe the topological properties of the whole space X, H n (A∩B) is the n-th homology of the intersection of the two considered subspaces and finally H n (A) ⊕ H n (B) is the direct sum of the n-th homologies of the considered subspaces. The associated maps are defined as follows: the map i includes A ∩ B into A, i : A ∩ B → A, the map j includes A ∩ B into B, j : A ∩ B → B, the map k includes A into X, k : A → X and the map l includes B into X, l : B → X. The map ∂ * is a boundary map lowering the dimension of the given group. The symbol ⊕ denotes the direct sum of the respective homology groups or modules. This is a purely mathematical result. However, its implications for physics and most importantly for the construction of a quantum theory of space-time (and implicitly gravity) cannot be ignored. The main statement of Mayer-Vietoris is that the (co)homology of a space with a more complicated topology can be calculated by dividing that space into pieces of known (co)homology and assembling them together in a controlled way. The main goal of this article is to show that the formation of a space-time torus induces entanglement via the various maps appearing in the Mayer-Vietoris sequence. Reciprocally, entanglement of two qubits induces a superposition which results in a p-connected space-time when the coefficient structures of the associated (co)homology groups are modified accordingly.
MAYER-VIETORIS AND ER-EPR DUALITY
The main idea behind the ER-EPR duality is that a non-trivial space-time topology can be associated to the entanglement of two patches of space-time in a trivial topology. I will not insist on the particular geometry of the space-time in this article as the main idea behind ER-EPR is about topology. As a basic example one can consider a situation in which a black hole forms in a certain region of space-time and it is continued via a hypercylinder to another region of space-time where another black hole forms. The process that leads to the formation of such a structure alters the topology significantly. In fact, one may start with a topologically trivial space-time and end up with a topologically non-trivial one. The final configuration in the present context is conventionally called an Einstein-Rosen bridge (short ER bridge). Obviously, no actual information transfer is possible as the wormholes are non-traversable. This space can be described as a simple tensorial product of circles, similar to any generic torus. Concretely the space can be written as T n = S 1 × ... × S 1 i.e. the n-fold product of a circle. Quantum states however, as I have shown previously are to be searched in the (co)homology of a given space.
In order to compute the cohomology associated to quantum states on a non-trivial topology one needs theorems similar to Mayer-Vietoris.
The first step in the construction is to find an open cover of S 1 (one of the constituent circles of the torus) by two (hyper)-intervals I 1 and I 2 such that the intersection I 1 ∩ I 2 is equal to the disjoint union J 1 J 2 of two smaller intervals. Now, by employing the MayerVietoris sequence for the open cover
This leads by induction (assuming integer coefficients) to the homology of the torus
where ( n k ) is the binomial coefficient of n choose k. What is important to notice in this otherwise standard calculation is the physical interpretation: when the space-time deforms itself so strongly that the topology changes, in order to calculate the associated homology and hence the associated quantum states, we may have to split the space in pieces with easily computable (co)homologies. These are to be associated with unentangled systems in standard quantum mechanics. However, these are never sufficient to compute the actual cohomology. Therefore looking for example only at the two black holes we always miss important topological information. This information is retrieved if we correctly make use of the Mayer-Vietoris theorem and therefore include the (co)homology of the intersection of the homological extensions of the two open covers used in the first place. This intersection may have non-trivial topology and represents the entanglement when looked upon from a quantum mechanical perspective. Therefore I now arrive at the main theorems of this work Theorem 1. The inclusion map relating the homology of the intersection of two subspaces of the full topological space X to the direct sum of the homologies of the same two subspaces induces a Hadamard-matrix operation which affects the qubit associated to the branch it acts upon. The map which includes the direct sum above into the full topological space X is a c-NOT operation on the branches associated to the two qubits. The global effect of these two maps arising in the Mayer-Vietoris sequence for a torus is the entanglement of the qubits described by the worldlines on the two branches of X. Theorem 2. Two entangled qubits correspond each to worldlines which, combined, induce the (co)homology of a not simply connected space. Superpositions of the qubits are equivalent to combinations of (co)homology groups as presented via the Mayer-Vietoris theorem for the torus. The apparently disconnected components can be considered (not simply) connected if the coefficient structures in the (co)homologies associated to the respective qubits becomes torsional or cyclical.
Corollary 3. In general the ER-EPR conjecture is true, the entanglement being in all situations induced by the inclusion maps appearing in the Mayer-Vietoris sequences.
ENTANGLEMENT, INCLUSION MAPS AND COEFFICIENTS IN (CO)HOMOLOGY
In what follows I give proofs of the first theorems and partial evidence for the final corollary. First I will revise some known facts about the entanglement of vacuum and some basic entanglement measures. This will prepare the stage for the discussion in terms of homological deformations of the covering domains and the connectivity of the space-time itself. Finally, the maps of the Mayer-Vietoris sequence required for the construction of a torus will be interpreted in terms of quantum information gates.
Bell equality violation and vacuum entanglement measures
As seen in the chapter referring to relativistic algebraic quantum field theory, a good measure for entanglement is the Bell inequality. More explicitly, states which violate Bell's inequalities are necessarily entangled although states which are entangled may not violate Bell's inequality. Given a quantum system, we may define a pair of algebras, say (M,
In such states the observables of the two subsystems are not correlated and the subsystems are in a sense independent. In terms of quantum field theoretical qubits this translates into the states φ(M ) and φ(N ) belonging to a trivial (co)homology group i.e. there is no obstruction against merging the actions of M and N in the same quantum state. In terms of worldlines, there is a smooth deformation taking the region O 1 into O 2 . A state φ on M N is separable if it is in the norm closure of the convex hull of the normal product states across (M, N ) i.e. it is a mixture of normal product states. If this is not so, we call φ an entangled state across (M, N ). Again, in therms of quantum field theoretical qubits this corresponds to the states φ(M ) and φ(N ) belonging to non-trivial (co)homology groups i.e. the full information about the state cannot be encoded only by means of the two subsystems separately and therefore one has to consider Mayer-Vietoris type sequences in order to restore the complete quantum state. Otherwise stated, entanglement appears as an obstruction to the merging of the actions of M and N via the same quantum state. In terms of worldlines, we do not have a smooth deformation taking the region O 1 into O 2 . Only if both algebras are non-commutative i.e. quantum, can we have entangled states on the composite system. A consequence of the Reeh-Schlieder theorem [26] is that for any two nonempty sets of spacelike separated observables belonging each respectively to the space-time regions O 1 and O 2 with non-empty causal complements, independent on the distance between them, there exist several projections P i ∈ R(O i ) which are positively correlated in the vacuum state such that φ(P 1 P 2 ) > φ(P 1 )φ(P 2 ). This shows that the vacuum is not a product state across (R(O 1 ), R(O 2 )). In order to determine if it is entangled we need a different measure called the maximal Bell correlation, defined for the pair (M, N ) in the state φ, as
where the supremum is taken over all self adjoint operators M i ∈ M and N j ∈ N with norm less or equal to one. Bell inequality in the case of algebraic quantum field theory can be formulated as
If φ is separable across (M, N ) then β(φ, M, N ) = 1. It has been shown in [18] , [26] and [27] that under general physical assumptions, in a vacuum representation of a local net of observables,
Entanglement and the Mayer-Vietoris constructions (ER ⇒ EPR)
Now that a construction capable of measuring entanglement has been designed and the observables and quantum states have been assigned each to their own spacetime regions, it remains to be shown that it is possible to define entanglement as being generated by the maps of the Mayer-Vietoris sequence for a torus.
Indeed, I showed in this article that qubits can be associated to worldlines in quantum field theory and that one-or two-qubit states can be classified in terms of (co)homology groups. Such groups will be represented by means of the basis {|a , |b }. The (co)homology would then be defined by the linear combinations of elements in this basis each such combination satisfying the topological properties defining their respective (co)homology. The coefficients of such a linear combination belong to the coefficient structure of the cohomology. Therefore in order to work in the context of quantum mechanics the homology with complex coefficients H n (X; C) will be constructed by means of vectors |Ψ = c 1 |a + c 2 |b with c 1 , c 2 ∈ C. This is a more suitable representation for qubits. Two-qubit states will also be classified by means of (co)homology groups but this classification may not be trivial i.e. two independent states belonging to trivial (co)homology groups may become two-qubit states belonging to non-trivial (co)homologies. This would appear as a result of the application of an entangler gate e.g. Hadamard gate on one branch followed by a twoqubit c-NOT gate. Now, by looking at the Mayer-Vietoris sequence one notices the appearance of direct sums of homology groups like
Whenever the objects involved in such direct sums appear in finite numbers and represent abelian structures (like the complex numbers), the direct sums are isomorphic to the direct products and hence
As a basic example one may consider R × R ∼ = R ⊕ R which both represent the cartesian plane. I will continue to use however the ⊕ notation for the sake of generality as, for example in the case of infinite direct sums or in the case of topological spaces with no additional structures, such an isomorphism will not apply. For all the considerations relevant to the present discussion however one may assume that ⊕ ∼ = ×. What remains to be seen in what follows is that patching together a torus by means of the Mayer-Vietoris sequence implies the appearance of entanglement. To see this, one has to understand the basics of the MayerVietoris method. Its original use was to detect the (co)homology of an unknown topological space X by means of known (co)homologies of subspaces of X which were wisely chosen such that by patching them together, the full space X could be obtained. The maps capable of doing this patching formed a long exact sequence called the Mayer-vietoris sequence. In this article this procedure is somehow reversed, as now we know the full space is a T 2 torus and its homology is also known. We consider the two patches A and B on the left and the right side of the torus and form the Mayer-Vietoris sequence paying attention at the particular forms the respective maps can take. The two patches will intersect (by convention) in the upper and lower regions of the torus. The qubits belong respectively to the homologies of the patches A and B and, after connecting A and B and including them into the torus they will represent entangled qubits on the torus.
It is important to notice that in the Mayer-Vietoris theorem the two groups H n (A ∩ B; C) and H n (A; C) ⊕ H n (B; C) are isomorphic as groups but the inclusion maps between them do obviously not induce isomorphisms. If we look again at the Mayer-Vietoris sequence, mainly at the map H n (A ∩ B; C) (i * ,j * ) − −−− → H n (A; C) ⊕ H n (B; C) we notice that the map (i * , j * ) is induced in homology by the inclusions i : A∩B → A and j : A∩B → B and is not an isomorphism neither when acting on the space, nor in its homology induced form.
This map is in fact fundamental to the understanding of the dependence of entanglement on the topology, therefore we need to have it expressed in more comfortable terms. Consider therefore the standard two dimensional torus T 2 and let's start computing its second homology group by means of the Mayer-Vietoris sequence. On this path I will make the connections to entanglement as manifest as possible. For n = 2 we have the Mayer-Vietoris sequence in the form
In this part of the long sequence we can calculate all groups except the one of the torus (which however we assume it is known or at least it is not our concern to calculate it). We therefore may already write down the known parts
Notice that here too, the map (i * , j * ) is not an isomorphism. Take therefore 1-cycles generating the homologies of A, B and A∩B respectively in this way: for each cylinder formed by the intersection A ∩ B chose your cycle as the equatorial circumference. Let the associated homology classes be α and β. These cycles will each generate C and we will have
but α = β when we are in H n (A; C) and H n (B; C) there-
Applying a global twist in the torus (i.e. keeping the upper intersection circle unchanged and rotating the lower intersection circle around an axis perpendicular to its center by π) will not affect the physical situation but will generate the map (i * , j * ) which can then be written (considering the normalization factor imposed by hand in advance) as the matrix
This matrix resulted solely from the Mayer-Vietoris theorem, a twist in the torus and a specific choice of basis but, in terms of quantum entanglement it is a standard Hadamard matrix. This matrix is used to map the qubit |0 into the superposition of two states with equal weight i.e. (|0 + |1 ). In terms of quantum field theoretical qubits this encodes the representation of a worldline qubit in the form of a cycle qubit. In order to better show the analogy with quantum mechanics I detail the maps arising in the Mayer-Vietoris sequence and connect them to the hadamard-CNOT entangler gate for a bipartite system. In particular I show how the Hadamard map created by the (i * , j * ) inclusions is combined with the other maps arising from the Mayer-Vietoris sequence in order to produce entangled states on the two branches of a torus. The general situation is as follows. Take two qubits |Ψ 1 and |Ψ 2 each defined in terms of quantum field theory on curved space-time as specific worldlines. In the quantum information approximation they can be seen as unit vectors each in C×C. For the beginning, the two states will encode both the |0 state. Start now with an ER space-time configuration (torus). Take the subspaces of the torus covering each one of the two handles on the left and on the right side of the torus. The intersections between these two covers occur by convention on opposing regions of the torus, let me call them the upper and the lower intersection. Let me also call the left region of the torus by A and the right region by B. Starting from the intersections of the two covers, the two qubits are being mapped respectively onto the two handles of the torus by means of the inclusion maps H 1 (A∩B; C) → H 1 (A; C) and respectively H 1 (A ∩ B; C) → H 1 (B; C). The upper intersection will be mapped on the left and on the right side by the map (i * , j * ) producing a rotated state on the upper half of the torus as if acted upon by the Hadamard gate (the normalization is introduced by hand according to the principles of quantum mechanics). The result will be
. In general, on the lower side of the torus one can obtain similarly |Ψ 2 = 1 √ 2 (|0 A −|1 B ). However, to obtain the Hadamard gate (the minus sign in the last entry of the matrix) on the upper side, we used a twisted torus. This amounts basically to a change of basis. This twist will untwist the action of (i * , j * ) on the lower half of the torus (which would otherwise by itself try again to twist the torus) and therefore the final state on the lower torus will remain |Ψ 2 = |0 . This untwisting operation on the lower half leads to a lower map of the form (i * , j * ) = 1 0 0 0 which acting on the state |0 leaves it unchanged (considering the convention of having |0 in the form of a column vector with the upper entry 1). Therefore at this moment, after applying the first map of the Mayer-Vietoris sequence we obtained two qubits on the upper and lower halves of the torus
In order to obtain the torus, the direct sum of the two homologies must be mapped in the total homology of the space. This map acts on the upper and lower components i.e. it acts on the two qubits above. This means it must be a two-qubit gate. The map is
. The notation (k * − l * ) is formal. It can be interpreted as a formal difference for the cycles of the torus but when acting on qubits it will act as a CNOT gate, as will be seen soon. The patches have to be continuously embedded into the whole torus. But the lower side adds an extra twist via the map (k * − l * ) which compensates the twist on the upper intersection (the upper intersection is not twisted by this map but it was twisted by the previous one). Therefore this map flips the second (lower) qubit when the initial first qubit has been flipped by the previous map (generating the superposition). But as the initial state was |0 it will only flip the lower qubit when the upper state is |1 . Moreover, it brings us the actual homology of the torus back. Therefore what we obtained is a CNOT gate acting on two qubits, namely
(obviously, when acting on an actual qubit the proper normalization constants will be added) Together with the previously introduced Hadamard gate the resulting state is now
which is defined over the whole torus and therefore I can drop the indices A and B. Summarizing, the quantum states after the action of the first Mayer-Vietoris map (i * , j * ) for the torus, are
|0 |0
(i * ,j * )
As has been seen before in order to obtain an entangled state we also need the CNOT map. This map has two roles: first it has to include a second qubit in the superposed states above, second it has to switch the state of the second qubit when the first qubit is in the state |1 such that a truly entangled state of the two qubits emerges and third, it has to restore the whole torus from the two patches A and B. I have shown above that such a map arises naturally from the Mayer-Vietoris sequence for a torus. For a better understanding one may have a careful look at the Mayer-Vietoris sequence
FIG. 1: The standard Hadamard entangler gate
We are now interested in the map, (k * − l * ). This one takes as input the sates on the two sheets covering the two handles of the torus and maps them together into a formal difference, generating the homology of the torus i.e. the vector space where the resulting entangled states will reside. While the map (i * , j * ) was injective, this map is surjective in order to preserve the exactness of the sequence. Merging together elements of the two sheets such that they connect in a continuous way obviously takes two qubits as an input and performs an operation on one, depending on the state of the other. These are all properties desirable for maps in the category of the CNOT map of quantum computing. The final construction I am deriving from the Mayer-Vietoris sequence is shown in fig. 1 . Notice first that the maps k and l basically map the regions A and B into the whole of X = T 2 after the map (i * , j * ) has been applied. They take the superposed state obtained after the application of the Hadamardtype map (normalization is assumed) and map it into the torus as a whole. Two aspects are important. First this will bring together the new superposition state and the original state |0 . This basically implies tensoring the superposed qubit in the upper half with the original qubit in the lower half. Second, the two sheets must generate a torus and therefore the combination between the two maps k and l must be taken such that this will be the case. Formally we have
homology with twisted coefficients, EP R ⇒ ER
The ER ⇒ EP R part of the duality has been derived by analyzing the form and the actions of the maps in the Mayer-Vietoris sequence of a torus. In order to make the reciprocal affirmation EP R ⇒ ER plausible we have to explain how the entanglement of disconnected spaces (and the states defined on them) may result in a connected space. In general it is verified that spaces of different topology exist in mutually orthogonal sectors of the associated Hilbert space and therefore the paradox is particularly stringent. The connectivity of a space is determined by means of the (co)homology which, in the case of complex coefficients also represents the qubit states. However, when we alter the algebraic structure of the coefficients in cohomology, the information about the connectivity of a space may appear to change. Could therefore a specific non-trivial choice of coefficients lead to a non-trivial superposition of disconnected topological spaces that may result in connected topological spaces? We will start with two circular spaces S 1 and show that by means of a particular change in coefficients the two circular spaces representing together a disconnected space, will become a space homeomorphic to a single circle and hence a connected (although not simply connected) space. Then the resulting not simply connected space will be mapped by means of another change in coefficients into a simply connected space homeomorphic to a single point (see Fig. 2 ). The particular choice of coefficients must contain a certain twisted cyclicality. In this subsection I will discuss the process in terms of integer and twisted cyclical integer coefficients. In the next subsection a short discussion of the acyclicity of the circle will imply the use of complex coefficients [37] .
In order to begin, consider a circle space S 1 and an abelian group A. Let then ρ : π 1 S 1 → Aut(A) a representation of the fundamental group of the circle into the abelian group A.
Then, the homology of the circle with coefficients in the group A twisted by the map ρ is H k (S 1 , A ρ ). As a simple example one can consider the group A = Z 3 and FIG. 2: Two circles merging, as seen by using various torsions in the coefficient groups of (co)homology. The change in the coefficient structure brings us from two independent circles to the wedge sum between two circles tangent at a common point, then to a single circle and finally to a simple point. The information is presented as seen by homology with various coefficients the the map ρ : Z → Aut(Z 3 ) as being
The cellular chain complex associated to the homological representation of the circle is then
δ is the boundary map which by definition represents the multiplication with (t−1). Therefore t and t −1 define the required ring structure for the circular space. We therefore have an isomorphism
which will slightly simplify the calculation without affecting the final result. Let me now tensor with Z 3 in order to obtain the homology with the desired coefficients over
The first map is a → 1⊗a and the last map is 1⊗a → a. It is required to reduce to 1 ⊗ a before applying the last map. The result therefore is
The boundary map obtained after tensoring with Z 3 is then
and hence is the identity on Z 3 . Therefore the homology groups of S 1 with coefficients in Z 3 twisted by the nontrivial map ρ are all trivial
This shows how a circle can be mapped into a point via a controllable change of coefficients in homology provided all information obtained about the space is obtained via (co)homology. Let me further apply a similar procedure that will merge two disjoint circles into one single circle. In order to do this the coefficient group A will now be Z 2 and the twisting will have the form
The analyzed space will now be a disjoint union of circles S 1 namely X = S 1 S 1 . By a simple application of Mayer-Vietoris theorem it results that
. Now, by using the twisted coefficients as described above, the homology won't be able to distinguish the two circles and hence we arrive at the single circle case.
More twisted coefficients, EP R ⇒ ER
It appears that the "quantum superposition" of topological spaces may be governed by a deeper form of entanglement, one in which the role of the linear superposition is altered by the structure of the coefficient ring in (co)homology. Therefore, by employing different coefficient structures one may entangle topologically disconnected pieces of space-time producing (not necessarily simply) connected space-times if certain restrictions on the coefficient structures are being imposed. This new form of entanglement is governed by the universal coefficient theorem in the sense that it allows us to switch from the information which can be obtained by means of one coefficient structure to the information obtainable via the other coefficient structure. Like in the case of normal entanglement, some questions about the topological space cannot be meaningfully answered when one relies exclusively on one coefficient structure. Therefore, entanglement as a linear combination of topological spaces in this case admits extra-flexibility due to the various possible choices of coefficient rings and the global effects such choices entail. This cannot be ignored because in this case the coefficient rings may alter the topological information which can be extracted from the given spaces. Therefore in this final chapter I briefly extend the analogy between qubits and homological algebra by going to a (co)homology theory with twisted complex coefficients. The key property of twisted (co)homology is the twisted acyclicity of the circle [37] . This property tells us that a twisted homology of a circle with coefficients in C which have a non-trivial monodromy must vanish. Subsequently a twisted homology theory of this kind completely ignores the parts of the space it wishes to describe which are formed by circles along which the monodromy of the coefficient system is non-trivial. The implications to physics are important mainly because, as I argued in [17] , the use of coefficient systems of various forms and of the universal coefficient theorem amounts to a prescription of finding new dualities in physics i.e. different analytical tools used to describe the same phenomena. In this case the duality is between entanglement and topology. In general for a homology theory, the dimension of H 0 (X; C) is equal to the number of path-connected components in X. Also, in classical homology theory (based on the standard Eilenberg-Steenrod axioms) H 0 (X; C) does not vanish unless X is empty. For twisted homology this last property is not valid anymore. Particularly when we analyze a circle X = S 1 , we consider the map µ :
× . By this twist we then have the acyclicity of the circle in the sense that H * (S 1 ; C µ ) = 0 if and only if ζ = 1. Moreover, let X be a path connected space and µ : H 1 (S 1 × X) → C × be a homomorphism. Then let ζ be the image under µ of the homology class realized by a fiber S 1 × pt. Then H * (S 1 × X; C µ ) = 0 if ζ = 0. The proof of these results can be found in [37] . Physically this means that we may consider quantum states on a region of our space as belonging to the homology with complex coefficients |Ψ ∈ H 1 (X; C). X is in this case is the direct sum of two disconnected regions X = A B. The homology of such a space will be the direct sum of the homologies of the two disjoint regions H 1 (X; C) = H 1 (A; C) ⊕ H 1 (B; C). We can choose A and B to be spacelike separated. The state |Ψ is entangled over A and B although the space itself doesn't show any topological features at this moment. The same properties will remain valid when we change the coefficient structure C → C µ where the twisting induced by µ is such that the coefficients form a twisted system with a non-trivial monodromy around any circle connecting region A and B. But with such coefficients H 1 (X; C) becomes trivial and hence the two regions become trivially identified i.e. in a sense similar to quantum teleportation. However, we can now modify the space X, by introducing the required circles which will make it look like a torus. This cannot affect the homology with twisted coefficients as it is not sensitive to circular components. However, if we now move back to untwisted coefficients we need to carefully employ the universal coefficient theorem and we will obtain the standard homology of a torus in complex coefficients, particularly H 1 (X; C) = C ⊕ C. Summarizing, we started with a flat space and an entangled state and by changing the coefficient structure to a twisted one, making some undetectable changes to the space which left the homology intact and then changing back to the original coefficients we obtained the homology of a torus in complex coefficients. Of course the last transformation cannot be performed without penalizing some bijective maps due to the universal coefficient theorem. However, the physically relevant states remain unchanged, the only modifications being at the level of the T or and Ext functors arising in the universal coefficient theorem for homology respectively cohomology. But how can it be that the physical states obtained when we go back to complex coefficients do not match the original states (as we do not have an absolute bijection because of the T or and Ext functors)? First one should notice that Ext and T or encode precisely the deviations introduced by adding the circular components. Therefore, this collapse of the bijection is simply because to begin with we made an assumption which cannot hold after a proper topological analysis, namely that in the original case we have a flat, topologically trivial space-time and entangled states. The whole point of this article is to show that such a situation is impossible, as entanglement automatically has to imply non-trivial space-time topologies. The main result is that entanglement is precisely encoded in the homology of a torus and a torus precisely encodes entanglement but entanglement cannot exist in topologically trivial space-time. It is obviously interesting to interpret this result in the case of basic quantum entanglement experiments where, apparently, the topology of space-time changes. How should such a change be interpreted in terms of basic entanglement experiments and apparently flat space-time remains a mystery, although mathematically it is possible to have a flat, topologically non-trivial space-time.
REEH-SCHLIEDER THEOREM AND THE ER-EPR DUALITY
The example of the previous section indicates that the Mayer-Vietoris theorem plays an important role in the characterization of the ER-EPR duality. However, several transformations done there may appear somewhat artificial. In order to strengthen the argument in favor of the ER-EPR duality a more general approach is needed. Therefore, now I will relate the maps arising in the Mayer-Vietoris sequence with the Reeh-Schlieder theorem. Before entering a more detailed analysis, let me briefly summarize the present strategy.
The Reeh-Schlieder theorem can be seen as a generalized statement of the state-operator correspondence from conformal field theory. This correspondence basically states that there exists a bijective relation between the operators of the theory strictly localized at one point and all the quantum states of the theory. Such a correspondence is somehow counterintuitive as this would mean that all the local operators are to be put into a bijective correspondence to states defined basically over the entire space under consideration. This result depends on the existence of conformal symmetry. However, for a generic quantum field theory a similar theorem exists, albeit the map is now surjective, i.e. one may always map operators to states but not every state corresponds uniquely to a single local operator. The result for general quantum field theories however is also important as it states that any quantum state on the considered space can be generated by applying a local operator on the vacuum. This means that a quantum state, spatially separated from the region where the local operator is defined can also be created by the action of that same local operator. This is generally interpreted as a quantum field theoretical manifestation of entanglement and is basically the general formulation of the Reeh-Schlieder theorem in quantum field theory. In order to connect this to the Mayer-Vietoris theorem one must focus on the (k * − l * ) map defined in the previous chapter. In this context one defines the localized operators as belonging to the regions A and B. The operators themselves are classified by the homology groups of the two regions albeit individually they are all strictly localized. I show that the map (k * − l * ) defined above induces basically the same result as the Reeh-Schlieder theorem i.e. quantum field theoretical entanglement. In order for this analogy to be plausible it is important to consider the states as being defined over the whole space (in this case the torus) and as being classified by the resulting total homology group. Therefore, the (k * − l * ) map relates the operators localized in the regions A and B to the states defined over the entire space or in regions spatially separated from where the operators are defined. From the exactness of the Mayer-Vietoris sequence one can notice that in general this map is a surjection i.e. every local operator may be mapped into a state but more operators may correspond to the same state. For this map to become a bijection the total homology of the space should become trivial. But the trivialization of the homology groups will be equivalent to reducing the torus to a single point. This is precisely what would happen if we mapped the states on the cylinders into the initial state (central point) of a radially quantized conformal field theory. This is a particularity of conformal field theories not generalizable to other quantum field theories. The state-operator correspondence in radially quantized conformal field theory states precisely this i.e. every state of the field theory can be generated by employing the operators of the theory all localized at the center. It is somehow surprising to notice that reducing the theory under consideration to a conformal field theory amounts to a choice of twisted cyclic coefficients in the homology. In that case, as I showed in the last part of the previous section, we also reduce the cyclic components of a space to points.This type of dualities will be further discussed in another article.
The Reeh-Schlieder theorem
Quantum field theories are characterized by the ubiquity of fluctuations and of long-range correlations. Moreover, using suitable selective operations and applying them in a localized but arbitrary region of the spacetime vacuum, any given state can be created but not only in that particular region but in any other causally separated spacetime region. This result is known as the Reeh-Schlieder theorem [42] . To describe it in a more rigorous form consider a spacetime manifold M and a family of local operators {A(O)} O⊂M forming a C * algebra, all acting on a Hilbert space H. The family is considered to be indexed by the open subsets of M subject to conditions of isotony and locality [43, 44, 45] . The ReehSchlieder theorem is also responsible for the violation of Bell's inequalities in quantum field theory [46] and for long range entanglement of states in relativistic quantum field theory [47, 48, 49] . The requirement that the spacetime in which the quantum system evolves has some specific isometries for the Reeh-Schlieder theorem to be valid was relaxed in the work published in [50, 51] . In what follows I will show that the results of the ReehSchlieder theorem, mainly those entailing long range entanglement, can be analogously described by means of the Mayer-Vietoris theorem applied to a torus.
Mayer-Vietoris and Reeh-Schlieder
As noted in the previous subsection, the ReehSchlieder theorem is applicable in the most general situations and entails vacuum correlations and quantum entanglement. Can the Mayer-Vietoris theorem be employed to arrive at results analogous to those of ReehSchlieder? Apparently the answer to this question is yes and I will argue for that in what follows. The main feature of Reeh-Schlieder is that every quantum state can be constructed by means of local operators, even those quantum states spatially separated from the regions where the local operators reside. To see how this happens let us go back to the Mayer-Vietoris sequence for the torus and consider now the localized operators as being defined on the two sheets A and B such that
The algebras of operators can also be classified by means of the homology groups of the spaces (or sheets) where they are localized. Therefore we are studying again the homology groups by means of the Mayer-Vietoris sequence. The focus is now on the map (k * − l * ). Its role is to patch together the two regions where the local operators are defined such that they form the whole torus H 1 (A; C) ⊕ H 1 (B; C)
. Obviously the quantum states can also be classified by the homology groups. In particular the quantum states defined over the entire torus can be classified by the homology H 1 (T 2 ; C) but not completely by each of the homologies H 1 (A; C) or H 1 (B; C). Therefore, while operators in H 1 (A; C) may act on states classified by H 1 (A; C) they must be able to produce states defined also outside the domain of states classified by H 1 (A; C). This can be seen by the fact that the map (k * − l * ) maps operators belonging to H 1 (A; C) into the homology which classifies the states defined over the whole torus namely H 1 (T 2 ; C). The same is also obviously valid for H 1 (B; C) and for the direct sum H 1 (A; C) ⊕ H 1 (B; C). Moreover, due to the exactness of the Mayer-Vietoris sequence this map will have to be surjective. Therefore no quantum state classified by H 1 (T 2 ; C) will remain uncovered by an operator from region A, from region B or from their direct sum. One could argue now that this would not mean all global states are generated by means of localized operators only, as the direct sum practically involves all the operators, on both sides A and B. This would not be correct. To see why, one should look at the previous arrow in the sequence, namely H 1 (A ∩ B; C) (i * ,j * ) − −−− → H 1 (A; C) ⊕ H 1 (B; C). This arrow is injective and maps operators in the intersection of the two regions A ∩ B into the direct sum. By the convention of the previous chapter, the intersection A ∩ B represents two disjoint region on the upper and lower sides of the torus. The inclusion maps which bring the operators from this region into the direct sum of the homologies of A and B takes every element in the homology of the intersection. However, it doesn't cover all the elements of A and B. But in this case the homology classes are important and the elements in them can be homologically transformed one into the other. Therefore, at the level of homologies, each operator from H 1 (A ∩ B; C) can be mapped into operators of H 1 (A; C) ⊕ H 1 (B; C). At the origin of this sequence however, all operators were basically localized in the upper and lower regions of the torus, namely (A ∩ B). We were therefore able to recover all states that can be defined on the torus i.e. H 1 (T 2 ; C) using only the upper and lower domains defined by A ∩ B and a set of maps defined by the Mayer-Vietoris sequence. But such a relation between strictly localized operators and states defined over the whole space is precisely the result of the Reeh-Schlieder theorem i.e. localized operators acting on the vacuum are capable of generating every quantum state associated to the theory over the whole space. Therefore, the Mayer-Vietoris theorem has been related to the Reeh-Schlieder theorem which basically encodes entanglement as described in quantum field theory. Another property of quantum field theories derivable from the Reeh-Schlieder theorem is the entanglement of the vacuum. I will not insist on this aspect here, as it has been extensively discussed in [52, 53] . However, due to this newly proved connection, topology appears to be a useful tool for the description of the entanglement of vacuum in quantum field theories. A connection to the entanglement entropy will also be the subject of a future research.
CONCLUSIONS
Finally, some conclusions are in order. The ER-EPR duality is a widely reaching observation based on numerous physical facts. However, it remains an unproved statement. There are various paths that may lead to the conclusion that the duality is valid. Checking the entanglement of vacuum states is certainly one such path. However, it appears that the computational details of such an endeavor may mask some more subtle and general observations. Therefore, I adopted in this paper a different path, one that starts looking at the ER-EPR phenomenon from a different perspective, mostly related to homological algebra and algebraic topology. It results that the connection between topology and entanglement is deeper that thought previously. In articles like [28] , [29] the authors explore the connection between topological and quantum entanglement at various levels of accuracy and precision. Indeed, Borromean rings and braid groups as examples of topological entanglement may partially encode some aspects of quantum entanglement. However, it appears now that quantum entanglement has far deeper roots, originating in homological algebra and not being truly dependent on the linking or braiding structures themselves. The main result of this paper is that an ubiquitous theorem of homological algebra gives new and unexpected insights on the nature of entanglement and its relation to algebraic topology. It appears that in the process of patching together spaces of more complicated topological structure out of simpler objects, usually with well known topological invariants, entanglement is emerging and actually becomes unavoidable. In this sense basic procedures that help us understand the topology of more complicated spaces in terms of the topology of simpler spaces are at the foundation of what we know in quantum mechanics or quantum field theory as entanglement. Therefore, entanglement is not only a geometrical or even a topological property, but instead, a property that emerges from the procedures required in order to construct spaces of a higher degree of complexity. The simplest case, a sphere, to be associated with the flat space-time of basic quantum field theory may already be seen as entangled due to the combination of two sheets covering each one hemisphere. Adding further complexity only re-confirms the requirement of entanglement which appears to be rather ubiquitous in both physics and topology. The simplest structure presented in this article is obviously a simplification, albeit a quite suggestive one. Further complications may appear if a string-theoretical object may be considered for example, at the heart of entangled black holes. Topologies may alter in different ways and truly quantum gravitational computations will have to take them all into account via whatever is the quantum-gravity analogue of a quantum amplitude. One component of this amplitude may be a system formed by gluing two hyper-spheres at a point or by considering AdS spaces and decomposing them into simpler pieces.
